Abstract. Let a finite group G act transitively on a finite set X. A subset S ⊆ G is said to be intersecting if for any s1, s2 ∈ S, the element s −1 1 s2 has a fixed point. The action is said to have the weak Erdős-KoRado property, if the cardinality of any intersecting set is at most |G|/|X|. If, moreover, any maximum intersecting set is a coset of a point stabilizer, the action is said to have the strong Erdős-Ko-Rado property. In this paper we will investigate the weak and strong Erdős-Ko-Rado property and attempt to classify groups in which all transitive actions have these properties. In particular, we show that a group with the weak Erdős-Ko-Rado property is solvable and that a nilpotent group with the strong Erdős-Ko-Rado property is the direct product of a 2-group and an abelian group of odd order.
Introduction
A family A of k-subsets of an n-element set is called intersecting if, any two sets in A have a non-empty intersection. A classical theorem due to Erdős, Ko, and Rado [3] asserts that if n > 2k the cardinality of an intersecting set is at most the weak Erdős-Ko-Rado (or shortly, weak EKR) property if the cardinality of any intersecting set is bounded above by the cardinality of the stabilizers. If, moreover, the only intersecting sets with the maximum cardinality are the stabilizer cosets (i.e. the canonical ones), then we say that the action has the strong Erdős-Ko-Rado (or shortly, strong EKR) property. Finally, we will say that a group G has the weak (strong, respectively) EKR property, if all transitive actions of G have the weak EKR (strong, respectively) property.
The aim of this paper is to investigate the prevalence of the weak and strong EKR properties in the category of finite groups and finite group actions. Our first result shows that, perhaps surprisingly, the weak EKR property holds for a large class of finite groups. More precisely, we have the following theorem. Theorem 1. Let G be a finite group which is either nilpotent or a subgroup of a direct product of groups of square-free order. Then G has the weak EKR property.
It is not difficult to construct solvable groups without the weak EKR property. However, we do not yet have a complete characterization of the groups with the weak EKR property. In fact, it is not clear if a neat classification is at all possible. For now, using the classification of minimal finite simple groups, we can prove the following partial converse to Theorem 1: Theorem 2. Let G be a finite group with the weak EKR property. Then G is solvable.
Let us now turn to the strong EKR property. Let G be an arbitrary finite group and N a normal subgroup of G. It is easy to verify (Proposition 1) that the action of G on G/N has the strong EKR property. This, in particular, shows that any Hamiltonian group (i.e., a non-abelian group whose all subgroups are normal) has the strong EKR property. It is a fact that a finite Hamiltonian group is the direct product of the eight-element quaternion group, an elementary abelian 2-group, and an abelian group of odd order. In particular, such groups are always nilpotent and for any odd prime p, their p-Sylow subgroup are abelian. Our next theorem offers a partial converse.
Theorem 3. Let G be a non-abelian nilpotent group with the strong EKR property. Then G is the direct product of a 2-group and an abelian group of odd order. Remark 1. It is certainly desirable to have a complete characterization of nilpotent groups with the strong EKR property. Let us remark that such a group does not have to be Hamiltonian. In fact, it is easy to see that the dihedral group of order 8 has the strong EKR property without being Hamiltonian. Theorems 2 and 3 somewhat suggest that the strong and even the weak EKR property for groups are too restrictive and, thus advocate the study these properties for concrete group actions instead. A rich source of geometric actions is provided by the finite simple groups of Lie type (e.g., PSL n , Sp 2n , etc. over finite fields) on flag varieties (e.g., projective spaces P n (F q ) over finite fields). Other finite simple groups are also often realized as permutation groups.
Indeed, much of the recent work related to the EKR property has focused on such actions. In [9] , Meagher and Spiga considered the action of the projective general linear group PGL 2 (F q ) on the projective line P 1 (F q ) and used character theory to establish the weak and strong EKR property for this action. They proved the weak EKR property of the action of PSL 2 (F q ) on P 1 (F q ), and conjectured that the action has also the strong EKR property.
More generally, one can consider the action of PGL n (F q ) and PSL n (F q ) on P n−1 (F q ) and study the weak and strong EKR property. As mentioned above, these actions have been considered in [9] in which the authors use character theory to establish the strong EKR property for the action of PGL 2 (F q ) on P 1 (F q ). Here, using an elementary method, we prove the weak EKR property for a larger class of actions, which proves the easy part of Meagher and Spiga's conjecture. Theorem 4. The standard action of PGL n (F q ) on P n−1 (F q ) has the weak EKR property. Moreover, when gcd(n, q − 1) = 1, the action of PSL n (F q ) on P n−1 (F q ) has the weak EKR property.
It is easy to see that the stabilizer of a hyperplane is also an intersecting set for the action of PGL n (F q ) on P n−1 (F q ), showing that this action does not have the strong EKR property in the above-defined sense. Nevertheless, it may still have a chance to satisfy a weaker variation of it. In [9] , Meagher and Spiga conjecture that the only intersecting sets of the maximum size are the cosets of point and hyperplane stabilizers. This conjecture has been verified for the case n = 3 by the same authors in [10] . Similarly, using elementary arguments we can prove the following result for a similar action:
and U be the subgroup consisting of upper-triangular unipotent matrices. Then the action of G on G/U has the strong EKR property. This paper is organized as follows. In Section 2 we give the basic definitions and proof of some general results about the EKR properties. In Section 3, the failure of the weak and strong EKR property for some concrete groups is demonstrated. In Section 4, we prove Theorems 1 and 2. Section 5 is entirely about the proof of Theorem 3. Finally, in Section 6, we will discuss specific actions of the projective general and special linear groups and prove the weak and strong EKR property for these actions.
Notations and preliminary results
We start will some notation that will be used throughout this paper. Let G be a finite group. If θ is an automorphism of G, we will write g θ for θ(g). For the inner automorphism ι h (g) = h −1 gh, we will instead write g h := h −1 gh. In particular, for g, h, k ∈ G, the equation (g h ) k = g hk holds. For a subset A ⊆ G, we will also denote A h = {a h : a ∈ A}. For A ⊆ G, we also denote A −1 = {a −1 : a ∈ A}. For A, B ⊆ G, denote AB = {ab : a ∈ A, b ∈ B}. The identity element of groups is denoted by 1. The cardinality of a set A is denoted by |A|. The finite field with q elements will be denoted by F q . Also by a G-set X, we mean a finite set X with a transitively G-action. Definition 1. Let G be a finite group acting transitively on a finite set X. We say that the action has the weak EKR property if for any intersecting set S ⊆ G, we have |S| ≤ |G|/|X|. We say that the action has the the strong EKR property if, in addition, the only intersecting sets of size |G|/|X|, called maximum intersecting sets, are the cosets of point stabilizers. The group G is said to have the weak EKR (respectively, strong EKR) property if all of its transitive actions have the weak EKR (respectively, strong EKR) property.
Remark 2. Note that for any subgroup H of a group G, G acts transitively on G/H by translations: g · (xH) = (gx)H 1 . Conversely, any transitive action of a group G on a set X is isomorphic (in the category of G-sets) to the action of G on G/H by translation, for a subgroup H of G. The subgroup H, which is determined up to conjugacy, is the stabilizer of a point x ∈ X. We will freely use this correspondence throughout the paper.
Remark 3. It is easy to see that if S ⊆ G is an intersecting set for the G action on G/H, then any translation aS = {as : s ∈ S} is also intersecting. In particular, this action has the strong EKR property if it has the weak EKR property and the only intersecting sets containing the identity element are the conjugates of H.
The proof of the following lemma is straightforward. Lemma 1. For a given group G and a subgroup H ≤ G, a subset S ⊆ G is an intersecting set for the action of G on G/H if and only if
In particular, we have Proposition 1. If H is a normal subgroup of G, then the action of G on G/H has the strong EKR property. In particular, any Hamiltonian group has the strong EKR property.
Proof. Lemma 1 implies that if S is an intersecting set for the action of G on G/H, then S −1 S ⊆ H. This shows that a maximum intersecting set S is a coset of the subgroup H.
The following reformulation of the notion of intersecting sets into the language of graph theory will also be useful. To an action of a group G on a set X, we associate a graph Γ G,X as follows. The vertices of Γ G,X are the elements of G. Vertices g 1 , g 2 ∈ G are adjacent if and only if there exists x ∈ X with g 1 · x = g 2 · x. Identifying X with G/H, this condition is equivalent to g −1 1 g 2 ∈ g∈G H g . Note that if g 1 and g 2 are adjacent, then so are gg 1 and gg 2 , for any g ∈ G. This implies that the automorphism group of the graph Γ G,X contains G as a subgroup and hence Γ G,X is vertex transitive. Recall that a set of vertices of a graph is called a clique (independent, respectively), if the induced subgraph on this set is the complete (empty, respectively) graph. The following well-known lemma will be useful in the sequel. For the sake of completeness, we will also provide a proof. Proof. Let G denote the automorphism group of Γ, which, by assumption, acts transitively on V (Γ). Consider the set A = {(g, s) : s ∈ S, g ∈ G, g · s ∈ T }. We have
Since the action is transitive, for any s, t ∈ V (Γ), the set of elements g ∈ G with g · s = t is precisely a coset of the stabilizer of s. This implies that each summand of the first sum is equal to |G|/|V (Γ)| and hence
On the other hand, since S is a clique and T an independent set, for every g ∈ G, there is at most one s ∈ S with g · s ∈ T . This shows that every summand of the second sum in (1) is at most 1 and hence |A| ≤ |G|. Combining this upper bound on |A| with equation (2) establishes the desired inequality.
Two subgroups H and K of a group G are said to be complementary in G, if H ∩K = {1} and KH = G. The following corollary will be used in the proof of Theorem 1. Corollary 1. Let H and K be complementary subgroups of a group G. Then the action of G on G/H has the weak EKR property.
Proof. In order to appeal to Lemma 2, it suffices to show that K is an independent set in the associated graph Γ G,G/H . Let σ ∈ K and xH ∈ G/H be such that σ · xH = xH. This implies that x −1 σx ∈ x −1 Kx ∩ H. Write x = kh, with k ∈ K and h ∈ H. Then,
Hence σ = 1 and the action of G on G/H has the weak EKR property.
Remark 4. The example of Heisenberg group presented at the end of Section 3 shows that the action in Corollary 1 does not always satisfy the strong EKR property.
The following lemma will be used many times in this paper.
Lemma 3. Let G be a finite group, then the following hold (1) If G has the weak EKR property, then any subgroup of G also has the weak EKR property.
(2) If the action of G on a set X has the weak EKR property and N is a normal subgroup of G that acts trivially on X, then the induced action of G/N on X also has the weak EKR property.
If the action of G/A on G/H has the weak EKR property, then the action of G on G/H has the weak EKR property.
Proof. Let H be a subgroup of G and consider the action of H on H/K for a subgroup K ≤ H. Let S ⊆ H be an intersecting set for this action. Viewed as a subset of G, S is an intersecting set for the G-action on G/K. Since G is assumed to have the weak EKR property, we have |S| ≤ |K|.
For the second part, let π : G → G/N be the quotient map. Let S be an intersecting set for the action of G/N on X. Then π −1 (S) is also an intersecting set for the G-action on X. Hence, |π −1 (S)| ≤ |G|/|X|. Since |π −1 (S)| = |S| · |N |, we have |S| ≤ |G/N |/|X|, establishing the weak EKR property.
For the third part, first observe that each stabilizer of the action of G/A on G/H has size [H : A]. Let S ⊆ G be an intersecting set for the action of G on G/H, and π : G → G/A be the quotient map. Clearly π(S) is an intersecting set for the action of G/A on G/H. By the assumption, we have |π(S)| ≤ |H|/|A|.
The following lemma shows that the strong EKR property passes to the quotient groups.
Lemma 4. If G has the weak (strong, respectively) EKR property, then any quotient of G also has the weak (strong, respectively) EKR property.
Proof. Let G be a quotient of G and π : G → G be the canonical quotient map. Consider the action of G on X = G /H . Let S ⊆ G be an intersecting set. It is clear that π −1 (S ) is an intersecting set for the G-action on X . Hence, |S | · [G : G ] = |π −1 (S )| ≤ |G|/|X |. This implies that |S | ≤ |G |/|X |. So G has the weak EKR property. Now, assume that the group G has the strong EKR property. If S is an intersecting set of size |G |/|X |, then π −1 (S ) will be an intersecting set of size |G|/|X |. This shows that π −1 (S ) = aπ −1 (H g ), for some a ∈ G and g ∈ G . From here, we have S = π(a)H g .
The following well-known lemma will be used in Section 4. For the convenience of the reader, we will provide a proof.
Lemma 5. If F is a finite field, then any element a ∈ F can be expressed as the sum of two squares.
Proof. When the characteristic of F is 2, the map s(x) = x 2 is the Frobenius automorphism which is surjective. Assume that |F | is an odd number. It is easy to see that the cardinality of the set of squares S is
we have x = s 1 + s 2 , which establishes the claim.
Rational Canonical forms and the Erdős-Ko-Rado Properties
In this section we will make use of various matrix canonical forms to demonstrate the absence of the weak and strong EKR property for some specific group actions. Although the result of this section will be eventually subsumed by Theorems 3 and 2 which will be proved in subsequent sections, the proofs given here contain some of the ideas behind the proof of the general theorems, while being at the same time more elementary. The following lemma will be used repeatedly throughout this section.
Lemma 6. If a finite group G has subgroups U and V such that |V | > |U | and V ⊆ g∈G U g . Then G does not have the weak EKR property.
Proof. The second assumption coupled with Lemma 1 imply that V is an intersecting set in the action of G on G/U . The first assumption will show that the action does not have the weak EKR.
We will first use this lemma to show the absence of the weak EKR property for some non-solvable groups.
Theorem 6. The following groups do not have the weak EKR property:
(1) The group PGL 2 (F q ) for prime powers q = p l , where l ≥ 2.
(2) The group PGL n (F q ) for n ≥ 3 and prime power q.
Proof. The proofs are based on the rational canonical forms. For part (1), let G = PGL 2 (F q ) and consider the subgroups defined by
Let g ∈ V \ {I 2 }. Since g and u = 1 1 0 1 ∈ U have the same rational canonical form, they are conjugate.
Since u ∈ U and l ≥ 2, the pair (U, V ) satisfies the condition of Lemma 6. We will write the proof of Part (2) for n = 3. The proof for general n is analogous. Consider the subgroups of G = PGL 3 (F q ) defined by
Note that there is only one possible Jordan normal form for a unipotent matrix g ∈ V \ {I 3 }, that is
This shows that V is an intersecting set, with |V | > |U |, which again shows that G does not have weak ERK.
Remark 5. A variation of this argument will be needed in the proof of Lemma 7. Let p = 3 and n = 3. If X, Y ∈ GL 3 (F 3 ) and X = P −1 Y P , replacing P by −P , if necessary, we can always assume that det P = 1. This shows that with U and V as defined above, we have
Hence PSL 3 (F 3 ) does not have the weak EKR property.
Let us now turn to the case of nilpotent groups and study the lack of the strong EKR property in a special case. Let p > 2 be a prime number and consider the Heisenberg group defined by
It is obvious that |G p | = p 3 and its center is given by
Hence |G p /Z(G p )| = p 2 , implying that G p is nilpotent of class 2, and therefore it has the weak EKR property by Theorem 1. We will now construct a concrete action of G p with the weak but without the strong EKR property. Set
A simple computation shows that
One can easily deduce from (4) that
. Let us first show that this action has the weak EKR property, without applying Theorem 1. Since there are exactly p possible values for a i , if k > p the pigeonhole principle implies that there exists l = t for which a l = a t . This shows that g −1 l g t = η(0, 0, c t − c l ) ∈ L \ Z which, in turn, implies that c t = c l . This is a contradiction, since g t = g l .
On the other hand, this action does not have the strong EKR property. To show this, set
By (5) and (6), S is an intersecting set containing the identity matrix which is not a subgroup of G p . Remark 3 will imply that the action of G p on G p /H does not have the strong EKR property.
The weak Erdős-Ko-Rado Property for Finite Groups
This section consists of two complementary parts. First we will give the proof of Theorem 2, showing that a non-solvable group cannot have the weak EKR property. Then, we will show that nilpotent groups and some solvable groups have the weak EKR property.
4.1.
Absence of the Weak EKR Property for non-Solvable Groups. The main ingredient of the proof is the following lemma.
Lemma 7. The following groups do not have the weak EKR property:
(1) PSL 2 (F q ), q ≥ 3 a prime power, Note that Lemma 7 covers all the finite simple groups appearing in Theorem 7.
Proof of Lemma 7. We first consider the case of PSL 2 (F q ). The proof goes as follows: we will construct a subgroup H ≤ SL 2 (F q ) containing the center of SL 2 (F q ) such that the action of SL 2 (F q ) on SL 2 (F q )/H doesn't have the weak EKR property. Then from part (3) of Lemma 3 we conclude that PSL 2 (F q ) doesn't have the weak EKR property. The proof for SL 2 (F q ) breaks into three sub-cases:
is not an square in F q . In this case, let H be the 4-element subgroup of SL 2 (F q ) generated by the matrix
We remark that if −1 is not a square in F q , then any matrix X ∈ GL 2 (F q ) with trace zero and determinant 1 has the minimal polynomial x 2 +1 and hence it is conjugate to J, that is, X = P −1 JP , for P ∈ GL 2 (F q ). We claim that P can be chosen so that det P = 1. To prove this, first observe that, by Lemma 5, the centralizer of J, which is given by
contains matrices with arbitrary non-zero value of determinant. So, after possibly replacing P by α a,b P for an appropriate choice of a, b ∈ F q , we can assume that det P = 1. We will now show that the action of SL 2 (F q ) on SL 2 (F q )/H does not have the weak EKR property. This will be done by finding a matrix
such that Tr(B) = Tr(JB) = 0. Finding such a matrix involves solving the following equations:
The system of Equations (7) Clearly, B = ±J, ±I 2 , and therefore S = {±I 2 , ±J, B} ⊆ SL 2 (F q ) is an intersecting set since
Notice that S has more than four elements. So SL 2 (F q ) does not have the weak EKR property in this case.
Case 2. −1 is a square in F q , and gcd(2, q) = 1. Let T be the subgroup of SL 2 (F q ) consisting of diagonal matrices, J as in Case 1, and S = T ∪ {J}. It is easy to see that J normalizes T and the subgroup generated by S is the union of T and matrices of the form
, implying that J α is diagonalizable. We may assume (using a similar argument to in Case 1) that the determinant of the diagonalizing matrix is 1. This implies that
which shows that the action of SL 2 (F q ) on SL 2 (F q )/T does not have the weak EKR property. Case 3. q > 2 is power of two.
The argument in this case is similar to Case 1. Let H be the 2-element subgroup of SL 2 (F q ) generated by J defined in case 1. If B ∈ SL 2 (F q ) \ {I 2 } satisfies Tr B = 0, then both the minimal and characteristic polynomial of B will be given by x 2 + 1 = (x + 1) 2 . This shows that there exists a matrix P ∈ GL 2 (F q ) such that
By the above remark, we can assume that P ∈ SL 2 (F q ). It remains to find a matrix B so that B ∈ SL 2 (F q ), B = J, I such that Tr(B) = Tr(JB) = 0. Similar to case 1, to find such a matrix we need to solve the following equation with condition c, d = 0.
Since q is a power of 2, the map x → x 2 is surjective. Since q > 2, by choosing c = 0, 1, one can guarantee existence of B distinct from both I and J. Hence S = {I, J, B} is an intersecting set for the action of G on G/H. This finishes the proof for the projective special linear groups. The case of PSL 3 (F 3 ) has been studied in Remark 5.
We will now turn to the Suzuki groups. There are various ways to introduce the Suzuki groups. As we will need to carry out explicit computations, a matrix representation of the group fits best our purpose. The realization of the group given below follows G. Jones' paper [7] .
Set q = 2 2n+1 , where n ≥ 1 is an integer and let θ : F q → F q be the automorphism defined by θ(x) = x 2 n+1 . Note that θ(θ(x)) = x 2 , i.e., θ is a square root of the Frobenius automorphism. For a, α, b, β ∈ F q and γ, c ∈ F * q set,
Let τ denote the 4 × 4 matrix with τ 14 = τ 23 = τ 32 = τ 41 = 1, and all the other entries zero. For brevity, we will use the shorthands v(α, β) = u(α, α θ , β, β θ ) and k(γ) = h(γ, γ θ ), for γ = 0. The Suzuki group is then defined by Sz q = S ∪ T , where S and T are given by
One can easily verify that
From (9) and (10), one can see that S is a subgroup of Sz q and the subsets B and H of S defined by
are both subgroups of S. Equation (10) also shows that H normalizes B. Consider the subgroup B 0 ≤ B defined by
We claim that
In order to prove this, we claim for a given pair (α, β) ∈ F q × F q , there exists γ ∈ F q \ {0} such that αγ θ ∈ F 2 . This is obvious for α = 0. For α = 0, the element γ ∈ F q \ {0} must satisfy the equation γ θ = α −1 , which has the unique solution γ = (α θ −1 ) −1 . This claim shows that B is an interesting set for the action of G on G/B 0 , and since |B| > |B 0 |, by Lemma 6, we see that Sz q does not have the weak EKR property. Finally, for the alternating groups, if n = 5 the argument follows from the isomorphism A 5 PGL 2 (F 4 ). For n ≥ 6, set U = {1, (12)(34)} and V = {1, (12)(34), (12)(56), (34)(56)}, and use Lemma 6. Therefore we have checked all cases in Lemma 7. This finishes the proof of Lemma 7.
We can now prove Theorem 2.
Proof of Theorem 2. Let G be a minimal counter-example, that is, G is a non-solvable group with the smallest size with the weak EKR property. Define G 0 = G and for i ≥ 0, set
shows that G 1 has the weak EKR property. If G 1 is solvable, then G will be solvable too. Hence, by the minimality assumption, we have G = [G, G], i.e., G is perfect. Let N a maximal proper normal subgroup of G. Then by Lemma 4, G/N has the weak EKR property. On the other hand, since G is perfect, G/N cannot be abelian. This shows that G/N is a (non-abelian) finite simple group. Once again, the minimality assumption shows that N = {1} and hence G is a non-abelian finite simple group. On the other hand, every proper subgroup of G has the weak EKR property, hence it is solvable. This shows that G is a minimal finite simple group with the weak EKR property which is contradictory to Lemma 7.
4.2.
Weak EKR for Nilpotent and Solvable Groups. In this subsection we will prove Theorem 1. We say that two subgroups H and K of a group G are complementary in G, if H ∩K = {1} and KH = G. A finite group G is said to be complemented if for every subgroup H ≤ G there exists a subgroup K ≤ G such that H and K are complementary in G.
Theorem 8 (Hall [6] ). A group of finite order is complemented if and only if it is isomorphic with a subgroup of a direct product of groups of square-free order.
Proof of Theorem 1. Theorem 8 and Corollary 1 establish the second part of the claim.
For the first part, let us assume that G is nilpotent and H is a subgroup of G. We will prove by induction on |G| that the action of G on G/H has the weak EKR property. Let A = H ∩ Z(G). Note that A is a normal subgroup of G which is included in H. If |A| > 1, then by induction hypothesis the action of G/A on G/H has the weak EKR property, and part (3) of Lemma 3 implies that the action of G on G/H also has the weak EKR property. We can hence assume that H ∩ Z(G) = {1}. Let π : G → G/Z(G) be the quotient map. By the induction hypothesis, the action of π(G) on π(G)/π(H) has the weak EKR property. Let S ⊆ G be an intersecting set for the action of G on G/H. Since π(S) −1 π(S) ⊆ g∈π(G) π(H) g , the image π(S) is an intersecting set for the action of π(G) on π(G)/π(H).
Hence, the restriction of π to S is injective and |π(S)| = |S|. Now, from the assumption that the action of π(G) on π(G)/π(H) has the weak EKR property, it follows that |π(S)| ≤ |π(H)| = [H : H ∩ Z(G)] = |H|. This finishes the proof.
Nilpotent Groups with the strong EKR Property
In this section, we will give a proof for Theorem 3. The following lemma is standard and follows from an inductive argument: Lemma 8. Let G be a two-step nilpotent group and x, y ∈ G with [x, y] = z. For m, n ∈ Z, we have
We will also need the following lemma about modification of large cosets. The lemma states the unsurprising fact that the cosets of subgroup of large index are rigid, in the sense that a small modification in a coset never yields a coset of a conjugate of the same subgroup.
Lemma 9. Let x be an element of prime order p > 2 in a finite group G, and H the subgroup generated by x. For t ∈ G \ H, the set S = (H \ {1}) ∪ {t} is not a coset of a conjugate of H.
Proof. If this is not the case, there exists g, w ∈ G such that S = H g w. Note that for each 1 ≤ i = j ≤ p−1, we have
Since p > 2, the difference i − j takes all the non-zero residues module p. Hence
This shows that H = H g , hence S = Hw. Let h 0 ∈ H ∩ S. Since S = Hw, we have h 0 = h 1 w, for some h 1 ∈ H. Therefore w ∈ H, which implies that S = H, which is a contradiction since 1 ∈ S.
We can now state and prove the main theorem.
Proof of Theorem 3. Let G be a minimal counter-example to Theorem 3. Since G is nilpotent we can write G = p S p , where S p is the unique p-sylow subgroup of G. By minimality of G and Lemma 4, we have G = S p for some p > 2, i.e., G is a non-abelian p-group for some p > 2. Using Lemma 4, we will make a series of further reductions. As |G/Z(G)| < |G|, the quotient G/Z(G) is abelian, or equivalently, 
. Then G/L is a non-abelian p-group with the strong EKR property, which by minimality of G is again a contradiction. Choose an element x of order p in G \ Z(G) and for each 1 ≤ j ≤ p − 1, set
Since x ∈ Z(G), we have C 1 = {1}. Choose t ∈ C 1 \ {1} and let t = [x, y]. Clearly, t is a central element of order p. Since [G, G] ⊆ Z(G), by Lemma 8, for each 1 ≤ i ≤ p − 1, we have
This shows that for each 1 ≤ i ≤ p − 1, there exists y i such that [x i , y i ] = t, or equivalently,
This proves that the set {x j : 1 ≤ j ≤ p − 1} ∪ {t −1 } is an intersecting set for the action of G on G/H, where H is the subgroup generated by x, and by Lemma 9 is not a coset of a conjugate of the subgroup generated by x. This contradiction proves the theorem.
Group Actions with the Weak and Strong EKR
Let q be a power of a prime p. In this section we consider sevaral actions of the groups PGL n (F q ) and PSL n (F q ) and prove the weak and strong EKR property for them.
6.1. Action on the Projective Space. In this subsection, we will consider the standard actions of PGL n (F q ) and PSL n (F q ) on the projective space P n−1 (F q ) and give a proof of Theorem 4.
First, we will briefly recall some elementary facts that will be needed for the proof. Recall that F q n is a F q -vector space of dimension n. Every non-zero x ∈ F q n defines a non-singular F q -linear transformation ϕ x : F q n → F q n via ϕ x (a) = ax and the map x → ϕ x defines a group homomorphism Φ : F * q n → PGL n (F q ) by Φ(x) = ϕ x Z, where Z denotes the centre of GL n (F q ) consisting of scaler matrices. The kernel of this map is easily seen to be F * q . We will use the following lemma which can be found in [11] (see Definition 2.5 and Proposition 2.6).
Lemma 10. Let E/F be a Galois extension of degree n with the Galois group G. Then for any x ∈ E we have
Therefore {σ(x) : σ ∈ G} is the multi-set of eigenvalues of the multiplication map ϕ x .
The Galois group of F q n over F q is generated by the Frobenius automorphism σ q defined by σ q (x) := x q . This shows that the set of all eigenvalues of ϕ x for x ∈ F * q n is given by
We are now ready to give a proof of Theorem 4.
Proof of Theorem 4. Let ζ ∈ F * q n be a generator of the cyclic group F * q n and set m := q n−1 + · · · + q + 1. We will show that the set
is an independent set in the graph Γ PGLn(Fq),P n−1 (Fq) defined in Section 2. A projective transformation has a fixed point on the projective space if and only if the corresponding linear transformation has an eigenvalue in F q . So, it suffices to show that for 0 ≤ i = j ≤ m − 1, none of the eigenvalues of ϕ ζ j−i lies in F q . Suppose by way of contradiction that ζ (j−i)q ∈ F q for some 0 ≤ i = j ≤ m − 1, and 0 ≤ ≤ n − 1. This implies that ζ (j−i)q (q−1) = 1 and hence q n − 1 | (j − i)q (q − 1). This easily reduces to m|j − i, which is a contradiction, since 1 ≤ |j − i| ≤ m − 1. Moreover, for any 1 ≤ j ≤ m − 1, we have ζ j ∈ F q , and therefore |T | = m = |P n−1 (F q )|. Now, Lemma 2, shows that an intersecting set in PGL n (F q ) has the size at most
Let us now consider the group PSL n (F q ). First, recall that since gcd(n, q−1) = 1, the natural surjection SL n (F q ) → PSL n (F q ) is indeed an isomorphism. It is easy to see that the order of ζ q−1 is equal to m.
Since the product of the eigenvalues of ϕ ζ (q−1)j is ζ j(q−1)m = 1, we obtain a group homomorphism
We claim that T m is an independent set in the graph Γ PSLn(Fq),P n−1 (Fq) . To show this, note that the eigenvalues of ϕ ζ (q−1)j , 0 ≤ j ≤ m − 1, are given by
If λ ∈ F q , then λ q−1 = 1, which implies that q n − 1 | j(q − 1) 2 q . Since gcd(n, q − 1) = 1, and m ≡ n (mod q − 1), we have gcd(m, q − 1) = 1. This together with gcd(q n − 1, q ) = 1 gives m|j, which is a contradiction. This shows that T m is an independent set of size |T m | = m in the graph Γ PSLn(Fq),P n−1 (Fq) . Now Lemma 2 establishes the result.
6.2. Action on G/U . In this subsection we will prove Theorem 5. Recall that a matrix g ∈ GL 2 (F q ) is unipotent if and only if (g−I 2 ) 2 = 0. We will denote the set of unipotent elements by U. For simplicity, we will refer to conjugates of U as unipotent subgroups. It is clear that any element of a unipotent subgroup is a unipotent element. One can also show that any unipotent element is contained in a unipotent subgroup, but we do not need this fact here. The following lemma is the key to the proof of Theorem 5.
Lemma 11. Let U 1 and U 2 be distinct unipotent subgroups of G = GL 2 (F q ). Then (1) U 1 ∩ U 2 = {I 2 }. (2) If g i ∈ U i , i = 1, 2 be such that g 1 g 2 is a unipotent matrix. Then g 1 = I 2 or g 2 = I 2 .
Proof. For part (1), we first claim that if V is a unipotent subgroup and g ∈ V \ {I 2 }, then
In other words, V consists of those unipotent elements of G that commute with g. It suffices to prove this statement for V = U . For x = 0, expanding the equation If h is unipotent, then a = 1, and hence h ∈ U . This proves that C G (g) ∩ U ⊆ U . The reverse inclusion is obvious. (1) is immediate from the this claim. For part (2) , without loss of generality, we can assume that U 1 = U , hence g 1 is an upper-triangular matrix, which we assume is not the identity matrix. Then we can write g 1 g 2 = 1 a 0 1 x y z 2 − x = x + az y + a(2 − x) z 2 − x and hence from Tr(g 1 g 2 ) = 2 + az = 2, and g 1 = I 2 we deduce that z = 0. This together with the fact that det g 2 = x(2 − x) = 1 implies that x = 1, hence g 2 = I 2 .
Proof of Theorem 5. We will show that if S ⊆ G is an intersecting subset containing I 2 , then S is contained in a unipotent subgroup. Take distinct g 1 , g 2 ∈ S \ {I 2 }. Since S is intersecting containing the identity element, all elements g −1
1 g 2 and g 2 are contained in unipotent subgroups, and hence Lemma 11 shows that g 1 and g 2 are in the same unipotent subgroup. This shows that S ⊆ U for a unipotent subgroup U , proving the result.
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